Split-step quantum walks admit supersymmetry, and thus their Witten indices can be defined. We prove that the Witten index of a split-step quantum walk coincides with the difference between the winding numbers of functions corresponding to the right-limit of coins and the left-limit of coins. As a corollary, we give an alternative derivation of the index formula for split-step quantum walks, which is recently obtained by Suzuki and Tanaka. Our method is general, it can be applied to various models of supersymmetric quantum walks.
Introduction and main result
Suzuki [3] introduced the notion of supersymmetric quantum walk in an abstract way. Such a quantum walk is defined by a pair of two unitary self-adjoint operators Γ and C on a Hilbert space H . The time evolution of the system is described by the unitary operator U := ΓC, and the self-adjoint operator Q := Im(U) = (U − U * )/2i is called a supercharge. Since Γ is unitary self-adjoint and Γ, Q satisfy ΓQ + QΓ = 0, we can decompose H and Q as If Q + is a Fredholm operator, then the pair (Γ, C) is called a Fredholm pair. In this case, the Witten index is nothing but the Fredholm index of Q + . We denote by index A the Fredholm index of a Fredholm operator A. Then we have ind(Γ, C) = index Q + , whenever (Γ, C) is a Fredholm pair. Very recently, Suzuki and Tanaka [4] have computed the Witten index of a splitstep quantum walk [1] . A split-step quantum walk is a pair (Γ, C) of two unitary self-adjoint operators Γ and C on the Hilbert space ℓ 2 (Z) ⊕ ℓ 2 (Z) defined as follows. Let L be the left-shift operator on ℓ 2 (Z), that is,
Let a : Z → R, b : Z → C be functions such that a(x) 2 + |b(x)| 2 = 1 for each x ∈ Z. We identify these functions with the corresponding multiplication operators on ℓ 2 (Z). Then the shift operator Γ and the coin operator C of the system are defined by
where (p, q) ∈ R × C are scalars satisfying p 2 + |q| 2 = 1. Since Γ and C are unitary self-adjoint, the pair (Γ, C) defines a supersymmetric quantum walk. In this paper, we suppose that the limits 
where the bounded operator Q ǫ,+ :
Moreover, the pair (Γ, C) is Fredholm if and only if the operator Q ǫ,+ is Fredholm. In this case, we have ind(Γ, C) = index Q ǫ,+ .
Motivated by the above decomposition, we establish a connection between the Witten index and a topological index. Before going to state the main result of the present paper, let us observe the asymptotic behavior of Q ǫ,+ as x → ±∞. Let T := {z ∈ C | |z| = 1} be the one-dimensional torus. Define functions F ± : T → C by
Then formally, we have
We are now ready to state our main result of this paper. 
where wn(f ) denotes the winding number of a continuous function f : T → C vanishing nowhere.
Our main result asserts that the analytic index (the Fredholm index) coincides with the topological index (the difference between the winding numbers). On the other hand, Suzuki proved that if the Witten index is non-zero, then the time evolution operator U = ΓC has at least one eigenstate [3, Theorem 3.4 (ii)]. Hence, we arrive at the following corollary. Corollary 1.4. Suppose that F + and F − vanish nowhere. If wn(F + ) = wn(F − ), then U has at least one eigenstate.
The idea behind the proof of Theorem 1.3 is to cut the space Z at x = 0 into two half-spaces. The cut can be realized as a compact perturbation of Q ǫ,+ . Note that Fredholm properties are invariant under compact perturbations. Moreover, after the cut, Q ǫ,+ becomes the direct sum of two Toeplitz operators with symbols F + (·) and F − , thus we can apply the index theorem for Toeplitz operators to get the desired result. More details can be found in Section 2 and Section 3.
The present paper organized as follows. In section 2, we show a criterion corresponding to the above argument in a more general setting. In section 3, we prove the main result by applying the criterion. In section 4, we give an alternative derivation of the Suzuki-Tanaka index formula by using the main result.
A general criterion
Let {|x | x ∈ Z} be the standard orthogonal basis of ℓ 2 (Z), and let C(T) be the Banach space of continuous functions from T to C. For any f, g ∈ C(T), we define an operator A(f, g) on ℓ 2 (Z) by
where L is the left-shift operator. In this section, we study the Fredholmness of A(f, g) and its Fredholm index. Let P ≥0 be the orthogonal projection onto the closed subspace spanned by {|x | x ≥ 0}, and let P ≤−1 be the orthogonal projection onto the closed subspace spanned by {|x | x ≤ −1}. We endow C(T) ⊕ C(T) with the norm
Then C(T) ⊕ C(T) is a Banach space. For any ψ ∈ ℓ 2 (Z) with finite support, we have
Theorem 2.1. Let f, g ∈ C(T) be arbitrary. Then A(f, g) is a Fredholm operator if and only if f and g vanish nowhere. In this case, we have
Proof. Define an operator B(f, g) on ℓ 2 (Z) by
By the same argument as A(f, g), we can show that B(f, g) is bounded and B(f, g) ≤ √ 2 (f, g) ∞ holds.
Step 1. A(f, g) − B(f, g) is a compact operator. To see this, we note that the maps
are linear, and are continuous in the operator norm topology. Since the set of compact operators is norm-closed, and since the set of trigonometric polynomials is dense in C(T), we may assume that f and g are trigonometric polynomials. Write them as
where M ∈ N and α m , β m ∈ C for every |m| ≤ M. Then we have
Since D m |x = 0 for each |x| ≥ M + 1, D m is a finite rank operator, thus so is A(f, g) − B(f, g). This finishes the proof of Step 1. Recall that the Hardy space H 2 is the closed subspace of L 2 (T, dµ) spanned by {z n | n ∈ Z, n ≥ 0}, where µ denotes the normalized arc length measure on T. Let P be the orthogonal projection of L 2 (T, dµ) onto H 2 . For h ∈ C(T), we identify h with the corresponding multiplication operator on L 2 (T, dµ). The Toeplitz operator T h with symbol h is a bounded operator on H 2 defined by P h. The index theorem for Toeplitz operators asserts that T h is Fredholm if and only if h vanishes nowhere [2, Corollary 3.5.12]. In this case, we have index T h = −wn(h) [2, Theorem 3.5.15].
Step 2. B(f, g) is unitarily equivalent to T g(·) ⊕ T f . To see this, we define a unitary operator U :
By a limiting argument similar to Step 1, we obtain UB(f, g)U * = T g(·) ⊕ T f . This finishes the proof of Step 2.
Since the Fredholmness and the Fredholm index are invariant under compact perturbations and unitary equivalence, A(f, g) is Fredholm if and only if T g(·) ⊕ T f is Fredholm, which is equivalent to that f and g vanish nowhere. In this case, we have
where the last equality follows from the index theorem for Toeplitz operators. This completes the proof of Theorem 2.1.
We define a unitary self-adjoint operatorC on ℓ
Since C −C is a compact operator, the pair (Γ, Therefore, by Theorem 1.3, we get the Suzuki-Tanaka index formula.
